DIAGONAL NUCLEAR OPERATORS ON [/, SPACES

BY
ALFRED TONG()

This paper computes the nuclear norm of diagonal nuclear operators from /, to
I, If D, is the diagonal nuclear operator with diagonal entries a=(ay,...,
ai,...), then the nuclear norm of D, is /,(a) where h=1 if 1<s<g=<o0, h=
gs/(gs+q—s)if 1 Sg<s<oo, h=qf(¢—1) if s=00 and 1 <g< o0, h=00 if s=00 and
g=1. This result depends upon an inequality for bounded operators A4:/, — I,
which asserts: | 4| = | D|| where D is the associated diagonal of A.

§§1 and 2 provide the preliminary computations and §3 proves the inequality.
The computation of the nuclear norm of diagonal operator is given in §4. The
inequality given in §3 has other applications, to be made in a forthcoming paper.
Definitions and standard theorems on nuclear operators are from A. Pietsch [2].

§1

(1.0) NotATION. Let p satisfy 1 <p<oo.
I3 will denote the n-dimensional vector space of all sequences §=(&,, ..., &)

under the norm
WO = (3 168"

1=i=n
1, will denote the vector space of all sequences §=(¢,, ..., &, ...) for which the
norm

1,(8) = (Z Ifil")””

is finite. Unless otherwise specified, /, will be taken to be a vector space over the
complex numbers.

The dual number of p defined as (p/(p—1)) will be denoted by q. When p=c0,
we define the dual number g to be 1. The dual number of r is denoted by s.

m: I, — I, will denote the projection defined by setting

Ty ooy biyoo) =61y, 6,0,.00).
8;; will denote the Kronecker delta. The basis vectors of /, and /, will be denoted
by {e"} and {f'"} respectively. A linear operator 4:1, — [, is said to have the
matrix representation (a;;) if and only if

A®) = lim > ( > af,g,)fm

" 1Sisa \1Sj<ow
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where the limit is taken with respect to the weak topology on /, from /. The
associated diagonal operator of A, denoted by D, is the operator with matrix
representation (8;;a;;). Let a=(«y, ..., «;, ...) be a sequence of scalars. Dy: [, — I,
will denote the linear operator which satisfies Do(§)=(«; ¢4, . . ., &, .. .). We call
D, a diagonal linear operator.

(1.1) LEMMA. Let r be a real number such that r>1. Then
X"+ y[" 2 2[(x+p)2]"
for all complex numbers x and y; equality holds if and only if x=y.
Proof. This follows from the Hdolder inequality:

[x+y| = |x|+|y| £ (x|"+]|p|)rr2r-2m

One checks that equality holds throughout if and only if x=y.

(1.2) DerFINITION. A sign distribution on n places is a function ¢:{1,2,...,n}
— {1, —1}. Whenever it is desired to specify the number of places o is defined on we
write o™, Two sign distributions o, 7 are said to be equivalent if and only if
a(k)y=r(k) for all k=1,2,...,n or 7(k)=—7(k) for all k=1,2,...,n. Sign
distributions which are not equivalent are said to be distinct. Given n places,
there are exactly 2" ! equivalence classes of sign distributions.

If & and J are collections of 2"~ distinct sign distributions then there is a
mapping 6: & — 7 so that o and 6(c) are equivalent for every o € &,

(1.3) LemMA. Let £ ={oy,..., 0 ..., 0n-1} be a collection of distinct sign dis-
tributions. Let x,, . . ., x, be complex numbers. Let r> 1. Then

(1.3.1) > > olk)x.

1sis2n-1|1Sksn

T2 27 tmax {|x,]", .. ., ||

(1.3.2) Equality holds if and only if at most one x; is nonzero.

Proof. It suffices to show

> ollx| z 20X
1sig2n-1 | 15k=Sn
where equality holds if and only if x,=x3="---=x,=0. If 7 ={r,,..., 7gn-1} is

any collection of 2"~ distinct sign distributions on » places, then

S| D atox] = 2> |2 8e)x|
(1 3 3) 1sis2n-1|1=Zk=n 15ig2n-1]|1=k=n
- = > x|
15jS2n-1| 1Sk=n

where 6 is the map referred to in (1.2). We now choose 7 to satisfy:

(a) =, satisfies =;(1)=1. Let 1<j<2""%. Assume that ..., 7; have been
chosen so that {r, ..., 7;} is a collection of distinct sign distributions and so that
m()=1forallj'=1,2,...,j.
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(b) If j is an odd integer, define 7, , by setting 7,,;(1)=1 and =, ,(k)= —7,(k)
for k=2,...,n.

(c) If j is an even integer, choose 7,,, to be any sign distribution distinct from
{71, ..., 7;} which satisfies 7;,;(1)=1.

We now check that 7 is a collection of distinct sign distributions. If j is an
even integer, the definition of r;, ; guarantees that {r,,..., 7,,} is a collection of
distinct sign distributions. If j is an odd integer, then r;,, is clearly distinct from ;.
If for some k<j, v, and =;,, were equivalent, then we would have either that
7,+1 and 7; are equivalent (when k is odd) or that 7,_, and r; are equivalent (when
k is even). In either case a contradiction results because K+ 1% and k—1#j.

If j is an odd integer, condition (b) in the definition of 7 gives

Z Tj+ 1(k)xk ! = xl— z Tj(k)xk r.
1=k=n 25ksSn
From Lemma 1.1 we get
> x| + (x|
1Sk=n 1Sk=n
r r
=|x+ z (k)X | +| % — (x| Z 2|x,|"
2=5k=n 2sk=n
where equality holds if and only if
7(k)x, = 0.
25ks=n
Thus
Z Z (kx| = ( o1 (k)x,c | + Z Ta(k)xy ')
1sjsS2n~1| 15k=n 151202 1=k=n 1=Sk=n

> Z x| = 27~ |x,|",

1sis2n-2

where equality holds if and only if

(1.3.4) > A (x. =0

25ksSn

for all /=1, 2,...,2" 2, By (1.3.3) we get

(1.3.5) > | > alox

1sison-1|1=5k=n

r > 2n—1|x1|r

where equality holds if and only if (1.3.4) holds. It remains to show that (1.3.4)
implies x;=x3="---=x,=0. Define {H/{* 1, ..., v2=}}} to be a collection of 2"~2
sign distributions on n—1 places by setting vi*~*(k)=7, _,(k+1) for k=1,.. .,
n—1. Since 74_,(1)=1 for all I=1,2,...,2" 2 and since {rg;_;}1<;5o"-2 is @
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collection of distinct sign distributions on » places, the collection of sign distribu-
tions on n—1 places {{"~ Y}, ., <.n-2 must also be distinct. Reformulate (1.3.4) as

Z W Yk—1x, =0 forl=1,...,2""2

25k=n

Apply (1.3.5) to get

0= z VR Uk —Dx, [ 2 max {|xa|", . . ., | %]}
1Sis2n-2|2sksn
Thus x;=x3=---=x,=0. Q.E.D.

§2

The following section computes the operator sup norm of a diagonal linear
operator Dy: [, — I..
(2.1) DeFINITION. Let 1 <p, r<oo. Define

glp,r) =0 ifl<p=srcso,
=pri(p—r) ifl Sr<p< oo,
=1 ifl £r<oandp = o0.

Whenever convenient we shall write g in place of g(p, r).
(2.2) PROPOSITION. Let Dy: I, — I, be a diagonal linear operator. Then || Dq|| =I,(e0).

Proof. When 1 <p<r=oo, the proposition is clear. We indicate the proof when
1=r<p<oo. Since p/r>1, the Holder inequality gives

| Da(®)|” < (Z |al|prl(p-r))(p—r)lp(z | gllp)rh’.
Thus
I Da(O)] = li(@)(E)

and so,
Do = I(a).
Define §=(&,, ..., &, . ..) by setting &=|«|"®~™, Direct verification proves that

lg(a)lp(g) = r(Da(g)) s " Du”lp(g)°

Thus /,(a) < || D«|. Therefore || Do) =/,(a). The remaining case is proved similarly.

(2.3) DerINITION. Let A=(a,,) be a Zx Z matrix. We say that 4 is a diagonal
block matrix determined by {m,, n,} if and only if the sequence {m,, n,} satisfies
l=mySn <mg<ny -- <m<n, -- where a;;#0 only when i and j satisfy: there
is a k for which m, <i, j<n,. We say that A is supported on the (m, n;) block if
and only if a,;#0 only when i and j satisfy: there is a k for which m, i, j<n,.
The Z x Z submatrix of 4 which is supported on the (m, n,) block is denoted by
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A™, Computations for diagonal block operators are used in this paper to prove
(2) of Corollary (3.9).

(2.4) DerFINITION. The support of a vector § in /, is the set of all indices i for which
& +#0. A sequence of vectors £ in /, is said to be disjointly supported if and only
if the family of supports of " is disjoint. If {E*1} is a sequence of disjointly

supported vectors then
L(2E¥) = (2 1LEP) .

(2.5) PROPOSITION. Let 1 <p, r<co. Let D be a diagonal block matrix representing
a linear operator from I, to I. Given a sequence l=my<n,<---<m=<mn --,
define D™ as in (2.3). Let 8, denote the operator sup norm of D), Then

"D" = lg(sl" .oy 62, .o .).

Proof. It suffices to indicate the proof when 1=r<p<oo. For each §€l,
where §=(¢,,.. ., §,...) define §1=(0,...,0, &,,,..., &, ..., &,, 0,...). Direct
verification shows D(E)= >, D, (™). And since {D,(E*")} is a disjointly supported
sequence,

1D = 2, | DEMI"
Clearly, /,(D,(8")) < 8,/,(8"). Since (p)/r>1, the Holder inequality gives
IDEI" = 3 8L, @) < (21807 ~7) > (2, 1L,Ey 1) ™.
k k k

Thus
IDE)| = (81, - -, 8, - - )p(E),

i.e. | D] £/,(8). To prove the reverse direction of the inequality, let %! € /, satisfy
I,(8"N) =1 where E™ is supported on those indices i such that m, <i<n, and where
| D¥YEWY)|| =8, Define §=({y, - . ., & - - .) by setting

{ = |8|7®~PE¥  whenever my, < i S my,

=0 otherwise.

It is easy to check that | D(Y)| =/,(8)/,(§). Thus || D| = ,(8).

§3

Let A:1,— /I, be a linear operator with matrix representation (a;). By the
diagonal linear operator associated with 4 we mean the linear operator (if it exists)
which has the matrix representation (8,,a,;). We will show that if 4 is a bounded
operator then the diagonal linear operator associated with A (denoted by D)
exists and satisfies | D|| < | A|. Under certain conditions on p and r, if | D] =] 4|
then D=A.
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(3.1) LEMMA. Let 1<r<p<oo. Let A: It — I* be a linear operator with matrix
representation (a;;). Let & ={o,,...,0,n-1} be a collection of 2"~ distinct sign
distributions on n places. For eachj=1, 2, ...,2" ' define §¥' € Iz by £’ = o (k)a[P~"
SJor k=1,..., n. Suppose A# D. Then there is a j for which |AEY)| > L,(8¥)| D|.

Proof. Suppose not. Then |A(EY)| =/,(E")| D| for all j=1,2,..., n. By (2.2),
(2 |2, awotane= )< (> |oRae =) Pl@ss s au)
1=isSn

1Sk=n 1=k=n
forall j=1,2,...,2""1 Since |o,(k)| =1, raising both sides of the 2"~ inequalities
to the rth power and summing gives:

Z aikcf,(k)a'l(p nlr

1Sk=n

1sjs2on-1 1Sisn

(3.1'1) é 2n—1( Z |akk|pr/(p—r))r/p( |akk|pr/(p—r))(p—r)lp
1=k=n

1Sk=n

= on-1 z |akk|pr/(p—r).

1Sk=n

Apply Lemma (1.3) (for each fixed i) to get
Z a,ko](k)a”"’ n|r

1Sk=n

15js2n-1 15isn

Z a,ka,(k)a”"’ n|"

1=k=n

1=i{sSn 1Sjson-1

Z max {l auarl(p n|r Iaikar/(p n|r -}
15

(3.1.2)

IIV

S‘ Ia“ai/(p r)l 2n—1 Z laﬁlpr/(p—r)

b—(
1=i=n 1Si=n

IIA

where equality holds if and only if |a;a}? ~”|"=0 whenever i# k. Combine (3.1.1)
and (3.1.2) to get

z aika,(k)a"(” r)l = Jn-1 Z |an|pr/(p—r)

1SkSn 15isn

1=js2r-1 1Sisn

so that (3.1.2) gives that |a,a? ~"|"=0 whenever i#k.
Assuming that a,,#0 for all k, this gives a;, =0 for i#k. Hence A= D contrary
to hypothesis. Hence there is a j for which

14EM)] = LED]D].

Suppose a,,, =0 for some k. By suitable rearrangement of the e’s and f's we
may assume the existence of an integer m for which a,,, =0 if and only if m<k =<n.
Let B: [T — I™ be the operator whose matrix representation (b;,) satisfies b;;=a;;
for all 1=, j<m. It is easy to check that

14EM] = [BET]
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for all j. If E denotes the diagonal operator associated with B, the case which we
have just proved above gives the existence of a j for which || B(EY)| > || E||. Since it
is clear that |E||=|D|, we get |A(E")| > || D|, as required. Q.E.D.

(3.2) LeMMA. Let l<r<oo.Let A: It — I Let & ={oy,. . ., ogn-1} be a collection
of 2"~ distinct sign distributions on n places. For j=1,...,2" 1, define EM e I,
by setting &'=oyk) for k=1, ..., n. Suppose A+ D. Then there is a j for which
A€M > 1. (8| D

Proof. The proof proceeds analogously as in Lemma 1.

(3.3) THEOREM. Let 1 <p, r<oo. Let A: It — I be a linear operator. Let D be the
associated diagonal linear operator. Then

M l4lz]Dl;

(2) when p, r satisfy 1<r<p<o or r=1 and 1<p<oo, then equality in (1)
holds if and only if A= D.

Proof. The case 1 <r<p=oo was covered by (3.1) and (3.2). When r=1 and
I <p<oo, we observe that || 4| =] 4’| where A’: I% — I? is the adjoint map of 4.
If D’ denotes the associated diagonal of A’ then D’ is the adjoint of D and so
|D||=|D’|. Since 1 <g<oo, Lemma (3.2) gives |4’ 2 || D’| where equality holds
if and only if 4"=D’. Thus | 4| = | D|| where equality holds if and only if 4= D.

It remains to prove: || 4] 2 || D|| for the case 1 Sp<r=<oo and the case p=c0, r=1.
The latter case is proved by defining ! as in Lemma (3.2) and proceeding as in
Lemma (3.2) where the triangle inequality is used in place of Lemma (1.1).

When 1 Sp=<r=oo, then g(p, r)=00 and so | D|=Is(ayy,. -, Gxk, - - -» Ann)- Let
m be the index for which |@um| =/w(@11, . . ., Gixs - - -5 Apn). Let § € 1, be defined by
&= 0, It is easy to check that

1A®) 2 |ann| = | D]1,(5).
Hence |4]| 2| D|. Q.E.D.
(3.4) REMARKS. We give examples to show that Theorem (3.3) cannot be im-
proved. If we take /2 and /2 to be vector spaces over the reals, the linear operator
A: I2 — I2 with matrix representation

(1)
-1 1
is easily seen to have norm 2 which is also the norm of the associated diagonal of D.

But A#D.
When 1 <p<r=co, the linear operator 4: [ — I3 with the matrix representation

1 00
0 01
000

has norm 1. The associated diagonal D also has norm 1 but 4# D.
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(3.5) DeFINITION. Let A=(a;;) be a ¢ x ¢t matrix. Let {m,, n,} be a sequence of
indices satisfying

1=m1§n1§m2§n2<"'<mu§nu=t.

By the associated diagonal block operator of A determined by {m,, n,} (which we
denote as D) we mean the diagonal block operator with matrix representation (d;;)
where

dy; = a;; whenever my, £ i,j £ ny, for some k where 1 < k £ u,

=0 otherwise.
(3.6) LeMMA. Let A, D, and {m,, n,} be as described in (3.5). Then | A| Z|D|.

Proof. Let D™ be as defined in (2.3). Let §,=| D™|. By (2.5), | D|=/,(5,, ...,
8k, . .., 8,). We will show that a linear operator B: [z — I} exists so that

(3.6.1) (a) | 4| = | B]| and (b) the associated diagonal of B which we denote as E
has 8, on its kth diagonal entry.

If (3.6.1) were proved, then || 4| Z | E|. But

|E| = 1,8, ..., 8,) = || D]

Thus the lemma immediately follows.
By a suitable rearrangement of the e!’s and f’s we may assume that the matrix
representation of D is supported on (m;, n;,)-blocks for some sequence

l=miSn <mgSnyg<---<mp=n,=<t

where {m;,, n;} satisfies mj ., =n;+1 for all 1 £k=z. For the present we assume
that n,=t.

Let v, w be integers satisfying 1 v, w<z. Define A™*! to be the linear operator
with matrix representation (ajy-*’) where

av =a; ifm,<i<n,andm, <j=n,,

= (0 otherwise.

Clearly, A%-¥1= D1, Choose ! € Z to satisfy:
(a) w™ is supported on the indices i such that m,<i<n,.
(®) Ju|=1.
© [D¥M@E)| = D] = 8.
Choose v*1 € [? to satisfy
(a) v is supported on the indices j such that m,<j<n,.
() W] =1.
(©) (DM(E), vy =8,
Define B: Iz — [? by setting
BED = 2, o

AR £ k), \,m)
Svsz2

Sksz
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for all § € I2. If b, is the ith diagonal entry of S, we have by definition,
by = (B(e'), f) = ( ABI(u), Vi)
= (D), vi1) = §,.

This proves (3.6.1)(b). To prove (3.6.1)(a), we compute that when § € /Z and
€ € Iz satisfy |§]| =||€| =1, then

Z £ ut
1Sk=z

(because the p’s and v’s are disjointly supported) so that

(3, ) 5, 50

1Sksz 1sw=2

= (Z Z AW, p ), z va[wl)

1sSv=2z 1Sk=sz 1Swsz

= Z Z AP, ), {vv[ul)

1sSvSz \1=5ksz

I(BE), D).

Here we use the easily verified fact that

(| 2, A, Lv) = 0

1Sksz

=1

S g

1SkSz

l41

v

when w##v. This shows (3.6.1)(a).

To remove the hypothesis n,=t, assume n, <t and define m, ,=n,,,, 0oy, =t.
Let B;: I3*' — [?*! be defined in a manner similar to B where z is replaced by
z+1. If E, is the associated diagonal of B, then the case we have just proved and
(3.3) show that |4z |B,|z |E:|z|D|. QE.D.

If p and r satisfy the conditions in (2) of (3.3), it is not known whether or not
| 4] =] D] implies A= D.

(3.7) THEOREM. Let 1 <p,r<co. Let A: I, — I,. Let {m,, n,} be a sequence so that
l=my Sn<my=Sny,<---<m S n--.
Let D be the diagonal block operator of A determined by {my, n}. Then|A| 2| D|.
Proof. Write A,=m, A m, . By (2.5),
|D| = l,(dy,...,d...) = lium I(dy,...,d) = liin | Dl

where D, is the diagonal block operator of A4, determined by {m,, n,}. By (3.6),
| Aull Z || Dul). Since

4] = tim 4],
we get [|4|=|D|. Q.E.D.
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(3.8) PROPOSITION. Let 1 =p, r<oo. Let {my, n,} be a sequence of indices satisfying
l=my Sn<mySnyg<---<m Sn--.

Let A:l,— [, be a linear operator with matrix representation (a;;). Let D be the
diagonal block operator of A determined by {m,, n,}. Let t be an integer such that if
B=m,, Am, and E is the associated diagonal block of B, then |B|>|E|. Then
|41 > DI

Proof. Let d,=| D™|. By (2.5),
|D) = l(dy,...,d...)

= (1€l + 2 a)

k>t

< (||B||° + > d,g)m.
k>t

Let mi=1, ni=n, mi=m,,;_,, ni=n,,;_;. If Dy is the diagonal block operator of
A determined by {mj, n;}, then (3.7) gives | 4| = | D|. By (2.5) and the above,

IDoll = (IBl°+ 2, df)* > | DI
k>t
Hence |A4| > || D]|-

(3.9) CoROLLARY. Let 1<p, r<oo. Let A: I, — I, be a linear operator and let D
be the associated diagonal operator of A. Then

(M 4]z |D].

) If p, r satisfies 1 <r<p=o0 or r=1 and 1 £ p <o, then equality in (1) holds if
and only if A= D.

Proof. (1) follows from (3.7) above. To show (2), suppose 4# D. Choose an
integer K sufficiently large so that if B=m, A w4 then B# E where E is the associated
diagonal of B. By (3.3), | B| > | E|. By (3.8), this implies | 4| > | D|. Q.E.D.

An analogous assertion to (2) of the corollary above for all diagonal block
operators, on a given operator 4, determined by {m,, n,} can be proved as above
provided Lemma (3.6) can be improved so as to include an analogous assertion to

(2) of (3.3).

§4

This section computes the nuclear norm of diagonal linear operators E: [, — I,.
We follow the definitions of nuclear operator and nuclear norm given by A. Pietsch
[2]. If #,, #, are Banach spaces, A (#,, #,) will denote the Banach space of all
nuclear operators from %, to %, and v will denote the nuclear norm. Let %}
denote the Banach dual of 4,. #; ® %, will denote the algebraic tensor product,
y will denote the greatest crossnorm as given in Grothendieck [1], and #; ®; %,
will denote the completion of #; ® %, under the norm y. From A. Grothendieck
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[1, p. 165] it is known that if either #; or %, has the approximation property,
then there is a one-one linear map of #; ®;" %, into the space of bounded operators
from %, to #, which is denoted as £(4,, #,). It is easy to check that in this case
the one-one linear map induces an isometric isomorphism of %7 ®; %, onto
N(#,, #,). Since, in this section, we shall restrict #,=1,, #,=I, where 1=g¢,
s £ 00, we may assume the existence of the isometric isomorphism and use #; ®; %,
and A (%, #,) interchangeably.
The following is well known (Proposition 2, §1, no. 1 of [1]):

(4.1) THEOREM. The map L: (%1 Q7 B,) — L(#1, #;) defined, for each
0 e (% Q; #B,), by setting L, to be the operator satisfying (Lo(x), )= 0(x' ® »)
forall x' ® ye B, Q7 &, is an isometric isomorphism.

(4.2) PROPOSITION. Let 15q, s<oo. Let B:I* — I* be a nuclear operator with
matrix representation (by;). Let E denote the associated diagonal of B with diagonal
entries (by1, ..., by, . .., byy). Then

W(E) = sup {|(E, Q)| : where | Q|| < 1 and L, is a diagonal operator}.
Proof. By (4.1),
WE) = y(E) = sup {|(E, Q)| : where [Q] = 1 and Qe (f; ®; )}
= sup {|(E, Q)| : where | Q| = 1 and L, is a diagonal operator}.

To prove the reverse inequality, let Lo be any element of £(/%, IF). Let (a;,) be the
matrix representation of L, and D be the associated diagonal of L. By verification,

(E,0)= > aub = (E D).

1sisn

By 3.9), [ D] = | Lol = Q] and so,

Y(E) = sup{|(E, Q)| : [|2] = 1 and Q e ()} ®7 I)}
sup{|(E, D)| : |D|| £ 1 and D e L(I*, I is a diagonal operator}.

IIA

(4.3) THEOREM. Let 1=q, s<oo. Define h(q, s) to be the dual number of g(p, r).
Let E: [} — It be a diagonal linear operator with diagonal entries (by,.. ., b,y,).
Then

V(E) = lh(q,s)(blh ceey bnn).
Proof. Let D: [; — I} be a diagonal operator with diagonal entries (a,1,. . ., @,,).
By (4.2) above,

v(E) = sup {(E, D) = ayby 1 |D| £ 1 where D is a diagonal operator}~

1<isn

Hence v is just the dual norm on E when E is regarded as being in the dual of the
space of all bounded diagonal operators D: /3 — I*. Since (2.2) shows that the
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latter space is isometrically isomorphic to /7, the dual norm » must be the /, norm
where h is the dual number of g. Q.E.D.
Whenever convenient we will use 4 instead of (g, s). Note that

h(g,s) =1 ifl1<s<qgsom,
= gs/(gs+q—s) ifl <qg<s<oc0,
=q/(g—1) ifs=oand 1 < g < o,
=0 ifs=ocandqg = 1.

We will take the convention of setting /., , =, When h(g, s)=00.

(4.4) THEOREM. Let 1 <q, s<oo. Let E: I, — I, be a diagonal linear operator with
diagonal entries (byy,...,by,...). Then E is a nuclear operator if and only if
(blli ce ey bﬁ, . .) € lh; infact, V(E)=[h(b11,. . ey bﬁ, .. .).

Proof. Define =,: I, — I* by setting 7,(§)=(§4, ..., &) for each E=(&,,.. .,
&,...)el. Define v,: It — [, by setting «,(§)=(¢,,..., £,,0,...) for each §=
(¢4, ..., &) elr. Clearly |m,) =] =1. If E is nuclear then =, E, is nuclear and

W E ) S o] W(E)]|eal] = »(E).
By (4.3), ¥(my E 1z) =lp(byss. - ., bun). Hence,
lh(b].l’ ceey b”, .. .) = li:n lh(blla' . ey bnn) é V(E).

Thus, if E is nuclear then (by,, ..., by,...) € I, (provided A#0o0) and
lh(bll, ceey bii, . .) é V(E).

If h=o0, a little more argument is needed to show that (by,..., by,...) € co.
Suppose (byy,. .., by, ...)¢co. Then E is not a compact operator. But every
nuclear operator is compact; thus, (by,..., by, ...) € co. Conversely, suppose
L(b1y, ..., by, ...)<oo. Then the sequence {(b13, . . ., bnn, 0, .. .)}, is Cauchy in /,.
By (4.3) above, this means that the sequence of diagonal operators E™ with di-
agonal entries (byq, . . -, by, 0,. . .) is Cauchy in A"(l,, ). Since A7(/,, [;) is Banach,
{E™} converges to some nuclear operator which we claim can only be E. Note
that the topology given by the nuclear norm is stronger than the topology of simple
convergence. Indeed, it is easy to see that

li:n EM(¢y,. .0, &6y = (buaéy, o5 bué L)

so that the operator which {E™} converges to in the topology of simple convergence
is E. Therefore E is well defined, the sequence {E™} must also converge to E in
the nuclear norm and so

w(E) = lim v(E™) = lim [,(b11,. -+, bpns 0,...)
= lh(bn, ey bu» .. )
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(4.5) THEOREM. Let 1=q, s<oo. Let B: I, — I, be a nuclear operator with matrix
representation (b;;). Let E be the associated diagonal linear operator of B. Then

(1) E is a nuclear operator and
(2) W(E)=v(B).

Proof. Let
Qu: N (3, ) > A5, 1)
be the operator which takes each nuclear operator to its associated diagonal: Let
P L0, )~ 2L, I)

be the adjoint of Q,. P, takes each operator to its associated diagonal. By (3.9),
| P, =1. Since | Q,| =] P.|, we get | Q,|=1. For each Be A(l,, L),

my B, € A2, I7).
Let E, be the associated diagonal of =, B,. Then
WE) = L(by1y .. -5 by, ...) = li{n L(bi1s. oy bpny 0,..0)
= lim »(E,) < lim | 0, [s(ms B1,)

= lim v(m, B1,) < lim |, |[v(B) ] = w(B). Q.E.D.

(4.6) THEOREM. Let 1=q, s<co. Let {my, n,} be a sequence of indices satisfying
I=mE=nSmySny<---<my=n, --. Let B:l,— I; be a nuclear operator with
matrix representation (b;;). Let E be the associated diagonal block operator of B.
Let E™ be the (my, ny) block of B as defined in (2.3). Denote v(E™)=e¢,. Then

(1) E is a nuclear operator,

) v(E)=Ily(e15. .., &k, ...) and

(3) »(E)=v(B).

The proof proceeds as in Theorems (4.4) and (4.5) where (2.5) and (3.8) are used
instead of (2.2) and (3.9).

This result is included for future reference. It turns out that if B, B, are Banach
spaces satisfying certain basis conditions a criterion can be given in terms of diagonal
block operators in B; ®; B, to decide: When is (B, ®; B,) isometrically iso-
metric to B; ®; B;? Theorem (4.6) will then be used to illustrate the criterion.
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